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 The majority of traction studies for 4WD4WS active four-wheel-drive robots are conducted with the kinematics of simpler 

configurations, which reduce the robot's maneuverability and flexibility. This paper proposes a method of geometric dynamic 

control for the robot with the ability to better utilize the superior kinematics of the 4WD4WS robot, which is the independence of 

the front wheels from the rear wheels. The process of synthesizing control laws is strictly mathematically guaranteed. The 

simulation in Matlab shows the research results visually. 
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1. INTRODUCTION 

 The four-wheel-independent-drive and 

four-wheel-independent-steer robot or 4WD4WS is a 

redundant drive system with outstanding flexibility and 

mobility with 8 motors (4 drive motors and 4 steering 

motors) is being used widely. In addition to its high road 

holding ability and performance, 4WD4WS is also used 

in harsh conditions such as agricultural tool vehicles. 

In mobile robot control, the problem of robot tracking is 

a common problem, ensuring that the robot can be 

applied in practice. With 4WD4WS, some authors built 

the controller on a dynamic model with unrealistic 

assumptions about the system's responsiveness [9], 

when the robot, in fact, is a non-holonomic system 

despite the residual drive. [10] is one of the very detailed 

studies with the introduction of two separate control 

loops, in which the steering loop also provides 

independent forward and rear steering angles. However, 

by imposing the same steering angle on the front and 
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rear wheels [10, 11], the author has created a side slip 

angle at the drive wheels in all operating cases. 

Some authors research geometric steering methods and 

Pure Pursuit is one of the most widely used and 

developed steering methods [3, 4, 5], but the application 

of 4WD4WS is not mentioned. There is also a virtual 

target aiming method [1, 2] applied with the 4WD4WS 

robot, however, binding the front and rear steering 

angles reduces the mobility and flexibility of the robot. 

Currently, the popular application of image processing 

has brought many favorable results for control problems, 

including many studies using cameras and computer 

vision systems to determine object distances. [6, 7, 8]. 

Therefore, with the use of two cameras, one to determine 

the dynamic virtual aiming point, the other to determine 

the horizontal deviation of the vehicle body, the author 

proposes an independent steering method for the front 

and rear steering wheels in the bicycle model of 

4WD4WS robot. 

 

2. METHODOLOGY 

A. The kinematicmodel of 4WD4WS mobile robot 

A popular kinematic model for 4WD4WS robots used by 

many researchers is a simplified model of a two-wheeled 

bicycle. In which the steering angles of each real wheels 

as well as the virtual wheels F and R (as shown in Figure 

1) are determined through the Ackermann steering 

method with the instantaneous center of rotation ICR.. 

 

Fig. 1. The simplified two-wheeled bicycle kinematic model  

tan 𝛿𝑓 =
𝑙

2
+𝑅∗sin  𝛿𝑐 

𝑅∗cos  𝛿𝑐 
                               (1) 

tan 𝛿𝑟 =
−

𝑙

2
+𝑅∗sin  𝛿𝑐 

𝑅∗cos  𝛿𝑐 
                                                 (2) 

Where: 𝛿𝑓 , 𝛿𝑟 , 𝛿𝑐 are the virtual steering angles at 

points F, R, C; wheel base 𝑙 = 2 ∗ 𝑙𝑓 = 2 ∗ 𝑙𝑟 , dis the 

vehicle width. R is the trajectory radius, as in fig. 1: 

𝑅 = 𝐼𝐶𝑅𝐶. 𝛿𝑖 , 𝑖 = 1,2,3,4are the real steering angles atreal 

wheels – angles between the longitudinal car axis and 

wheel planes. 

Similarly, when considering right triangles IHW1, 

IHW2, IPW3, IPW4, we have the relations for each 

steering angle of the wheels: 

δ1 = tan−1
𝑙

2
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𝑑

2

                                           (3) 
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−
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                                         (4) 
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𝑅∗cos  𝛿𝑐 +
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                                         (5) 

𝛿4 = tan−1
𝑙

2
+𝑅∗sin  𝛿𝑐 
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𝑑

2

                                          (6) 

 

So with given R and 𝛿𝑐 , we can completely rely on (1-6) 

to find all remaining steering angles of the vehicle. 

On the contrary, if given 𝛿𝑖 , 𝑖 = 1,2,3,4, it is completely 

possible to find R and 𝛿𝑐  according to the equations 

below: 

𝛿𝑓 = tan−1 2

cot  𝛿1 +cot  𝛿4 
         (7)  

𝛿𝑟 = tan−1 2

cot  𝛿2 +cot  𝛿3 
         (8) 

𝛿𝑐 = tan−1 tan  𝛿𝑓 +tan ⁡(𝛿𝑟)

2
         (9) 

𝑅 =
𝑙

cos  𝛿𝑐 ∗(tan  𝛿𝑓 −tan  𝛿𝑟 )
         (10) 

Meanwhile, with the assumption of driving according to 

the Ackermann method, friction forces will eliminate 

horizontal movements of the vehicle body and slipping 

will not occur, and the vehicle will move at a constant 

speed 𝑣. Then the angular velocity of the vehicle body is 

calculated by: 

𝜓 = 𝜔 =
𝑣

𝑅
               (11) 

Project the velocity vector 𝑣  onto the two axes of the 

fixed ground coordinate system: 

 
𝑥 = 𝑣 cos 𝜓
𝑦 = 𝑣 sin 𝜓

               (12) 

Combining (9), (10), (11), (12) we get the kinematic 

equations of 4WD4WS: 

 
  
 

  
 

𝑥 = 𝑣 cos 𝜓
𝑦 = 𝑣 sin 𝜓

𝜓 =
𝑣

𝑅

𝑅 =
𝑙

cos  𝛿𝑐 ∗(tan  𝛿𝑓 −tan  𝛿𝑟 )

𝛿𝑐 = tan−1 tan  𝛿𝑓 +tan ⁡(𝛿𝑟)

2

         (13) 

With𝛿𝑓and𝛿𝑟  as control inputs. 

B. Path following control for 4WD4WS by front and 

rear independent driving method 
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With 2 cameras and image processing unit placed on 

the vehicle body, it is possible to simultaneously 

determine the angle of deviation of the vehicle body 

(fixed front camera [2]) and the distance from the vehicle 

body to the required path. Then the front wheel steering 

angle 𝛿𝑓 is steered according to the dynamic virtual 

target method [2] while the rear wheel steering angle𝛿𝑟  

is steered according to the conventional virtual target 

method [1]. 

  
a, Conventional virtual 

target method 

b, Dynamic virtual target 

method 

  

Fig 2. Two geometric steering methods 

 

Figure 2 shows two steering methods, in which, as in 

[1] the goal of steering towards a normal virtual target 

point (Figure 2.a) is to aim at point D to steer by 

determining the angles as follows : 

𝑒𝜓 = 𝜓 − 𝜓𝑟                                                                 (14) 

𝜓𝑑 − 𝜓𝑟 = atan⁡(
𝑒𝑦

𝛽
)                                                 (15) 

Δ𝜓 = 𝜓𝑑 − 𝜓𝑟 − 𝑒𝜓 = atan  
𝑒𝑦

𝛽
 − 𝑒𝜓                  (16) 

Thus, with β being a positive parameter (selecting 

the requirement for convergence speed as well as system 

responsiveness (maximum steering angle)), it is possible 

to determine the deflection angle Δψ necessary so that 

the robot follows the required trajectory when obtaining 

𝑒𝜓 and 𝑒𝑦 values from cameras and image processing 

systems. 

While Figure 2.b shows the dynamic virtual target 

steering method (as in [2]), the virtual target point D is 

determined and targeted by determining the deflection 

angle Δψ as follows: 

Δ𝜓 = atan  
𝑒𝑠

𝑑𝑠
             (17) 

Where 𝑒𝑠is the measured straight camera deviation 

compared to the required trajectory and 𝑑𝑠is the camera 

focal length (front view distance, a positive parameter 

selected based on trajectory curvature and vehicle 

speed). 

The method of independent steering of the front and 

rear wheels is done in 2 steps, steering with dynamic 

virtual target points for both wheels and then steering 

the rear wheels with the conventional virtual target 

aiming method. Then similar to [2], we have the first 

system of equations: 

 Δ𝜓 = 2
𝑣

𝑙
tan 𝛿𝑓 − 𝜓 

𝑑

𝛿𝑓
 =

𝐾

𝑇
𝑢𝑓 −

1

𝑇
𝛿𝑓

                                                        (18) 

By using Terminal sliding mode control [2], can 

find:  

𝑢𝑓 =
𝛿𝑓

𝐾
−

2𝜆𝑣𝑇

𝐾𝑙
tan 𝛿𝑓 +

𝜆𝑇

𝐾
𝜓 

𝑑−𝐾𝑑𝑠
1

𝑛      (19) 

From (13) we can achieve the second system 

equations, equivalent to the second step controlling the 

rear wheelindependently: 

 Δ𝜓 =
𝑣

𝑙
cos(atan(

1

2
(tan 𝛿𝑓 + tan 𝛿𝑟) )(tan 𝛿𝑓 − tan 𝛿𝑟) ⁡− 𝜓 

𝑑

𝛿𝑟
 =

𝐾

𝑇
𝑢𝑟 −

1

𝑇
𝛿𝑟

 

(20) 

Considering𝛿𝑓  as a parameter, the front and rear 

wheel controllers can use the same set of parameters 

(K,T). 

From (16) one can get:  

atan  
𝑒𝑦

𝛽
 − 𝑒𝜓 = Δ𝜓 𝜏 + Δ𝜓0                                (21) 

Withτis them time to reach the desired angleΔ𝜓. 

ThenΔ𝜓𝑑
  can be calculated by: 

Δ𝜓𝑑
 =

1

𝜏
(atan  

𝑒𝑦

𝛽
 − 𝑒𝜓 − Δ𝜓0)                          (22) 

Subtitue to (20) one can get: 

cos(atan(
1

2
(tan 𝛿𝑓 + tan 𝛿𝑟𝑑 ) )(tan 𝛿𝑓 −

tan𝛿𝑟𝑑)⁡=1𝜏atan𝑒𝑦𝛽−𝑒𝜓−Δ𝜓0+𝜓𝑑𝑙𝑣          

 (23) 

Set 𝐾𝑥 =
 
1

𝜏
 atan  

𝑒𝑦

𝛽
 −𝑒𝜓 −Δ𝜓0 +𝜓 𝑑  𝑙

𝑣
as a calculable 

parameter when assuming 𝜓 
𝑑as a bounded noise. 

Then (23) can be rewritten: 

cos(atan(
1

2
(tan 𝛿𝑓 + tan 𝛿𝑟𝑑 ) )(tan 𝛿𝑓 −

tan𝛿𝑟𝑑)⁡=𝐾𝑥                             (24) 

Where0 < 𝑐𝑜𝑠(𝑎𝑡𝑎𝑛(
1

2
(tan 𝛿𝑓 + tan⁡𝛿𝑟𝑑 )) ≤ 1 so: 

(tan 𝛿𝑓 − tan 𝛿𝑟𝑑 ) ≥ 𝐾𝑥                                           (25) 

Ortan 𝛿𝑟𝑑 ≤ tan 𝛿𝑓 − 𝐾𝑥with the range of steering 

angles(−𝜋/4, 𝜋/4)one can have : 

𝛿𝑟𝑑 ≤ atan⁡(tan 𝛿𝑓 − 𝐾𝑥)          (26) 
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When in this independent steering method:  

𝛿𝑟 = 𝛼 − 𝛿𝑓                                                                   (27) 

where𝛼is the independent partand always have 

the opposite sign from𝛿𝑓or𝛼 = −𝐾𝛼𝛿𝑓with𝐾𝛼positive. 

Combine (26) with  (27): 

𝛼 ≤ atan⁡(tan 𝛿𝑓 − 𝐾𝑥) + 𝛿𝑓        (28) 

Then one can find: 

𝛿𝑟𝑑 = −(𝐾𝛼 + 1)𝛿𝑓                                                (29) 

Equation (29) is ensured when 𝛿𝑓 = 0then𝛿𝑟𝑑 = 0. 

Similarly to [1] 𝑢𝑟  can be found: 

𝑢𝑟 = 𝐾𝑟 𝛿𝑟𝑑 − 𝛿𝑟 + 𝛿 𝑟𝑑          (30) 

Thus, the control input values of both the front 

and rear wheels can be determined explicitly, serving as 

the basis for building simultaneous and independent 

controllers of the front and rear wheels. 

C. Simulations 

The article chooses to simulate a circular 

trajectory with 3 radii corresponding to: 20 m, 50 m, 100 

m, then the forward viewing distance of the camera is 

corresponding to 2 m, 5 m, 5 m. While the moving speed 

of the robot car is 2 m/s. The simulation results will be 

compared with the dynamic virtual target steering 

method mentioned in [2]. 

 

 

 

 

3. RESULTS AND DISCUSSION 

Simulation results on Matlab Simulink software 

are shown in Fig. 3 to Fig. 8. In particular, it can be seen 

that the lateral error of the vehicle body has been 

significantly improved when comparing the proposed 

control method with dynamic virtual target method. 

When the trajectory radius is 20 m, with the independent 

steering method the lateral error is about 5* 10-5 m while 

the error with the dynamic virtual target method under 

the same conditions is 2.5* 10-4 m. When the trajectory 

radius is 50 m and the look forward distance increases to 

5 m, the trajectory tracking error of the two methods is 5* 

10-3 m and 0.15 m, respectively. When the trajectory 

radius increases to 100 m, the trajectory tracking error is 

2.9* 10-3 m and 0.075 m, respectively. 

However, the trajectory tracking of the dynamic 

virtual target method is smoother, without much 

fluctuation around the balance value. With the ability to 

customize the parameters of the rear wheel, this 

drawback actually represents an advantage of the 

independent steering method: being able to customize 

the parameters to choose between trajectory tracking 

error and trajectory smoothness. 

 

 

 

 

Fig.3 Lateral error of independent steering method of 

front and rear wheels when trajectory radius is 20 m 

Fig. 4. Lateral error of dynamic virtual target steering 

method when trajectory radius is 20 m 
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Fig.5Lateral error of independent steering method of 

front and rear wheels when trajectory radius is 50 m 

Fig.6. Lateral error of dynamic virtual target steering 

method when trajectory radius is 50 m 

 

  
Fig.7Lateral error of independent steering method of 

front and rear wheels when trajectory radius is 100 m 

Fig.8. Lateral error of dynamic virtual target steering 

method when trajectory radius is 100 m 

 

Parameter choices can be made as shown in Fig. 9 to Fig. 14. 

  
Fig. 9. Actual trajectory of the vehicle when following 

a 100 m radius trajectory with𝛽 = 0.1 

Fig. 10. Comparison of the actual trajectory with the 

required trajectory when the trajectory radius is 100 

m with𝛽 = 0.1 
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Fig. 11. Comparison of the actual trajectory with the 

required trajectory when the trajectory radius is 100 

m with𝛽 = 0.2 

Fig. 12. Comparison of the actual trajectory with the 

required trajectory when the trajectory radius is 100 

m with𝛽 = 0.5 

 
 

Fig. 13. Comparison of the actual trajectory with the 

required trajectory when the trajectory radius is 100 

m with𝛽 = 1 

Fig. 14. Lateral errorwhen the trajectory radius is 

100 m with𝛽 = 1 

 

4. CONCLUSIONS 

The article has presented an algorithm to 

independently control the front and rear wheels 

considering the problem of trajectory tracking for 

4WD4WS mobile robot, whereby the quality of trajectory 

tracking is improved compared to other available 

solutions, while ensuring the mobility and flexibility of 

the residual driving robot. With that result, this method 

can be applied to other wheeled mobile robots with 

similar kinematic configurations, ensuring high 

efficiency. Research results are rigorously 

mathematically proven and visualized by simulation. 
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